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This book is primarily addressed to high school students and their teachers. It could 
be interesting also for university students studying mathematics and recommended to 
all those who have mathematical interest beyond the school curriculum.

The main goal of this book is to improve the problem-solving skills through the use of 
inequalities. 

The book consists of 4 Chapters.

Chapter I - Theory
A brief overview of the classical isoperimetric problem, one of the earliest problems in 
geometry, that aroused the interest of lots of great mathematicians: Archimedes, 
Euler, Descartes, Lagrange, Minkowski, Weierstrass, Steiner and many others ...

Chapter II - Examples
The solved examples prepare the next chapters. You will find some typical wrong 
solutions in the notes which will help you avoid similar mistakes.

Chapter III - Problems
This chapter contains 237 specific isoperimetric and related problems in the 2- and 3-
dimensional Euclidean space.

Chapter IV - Solutions
This chapter contains the solution of each 237 problems from the previous chapter.
The preferred method is the use of inequality where possible. 

The most interesting results can be found in the Tables, at the end of the book. 

The books collected in the Literature section are just a small selection of the rich 
mathematical bibliography of this topic.
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In the Internet links section you can find some interesting web pages on classical 
isoperimetric problems. I would recommend some further research on the Internet 
with use of the keyword “isoperimetric” to make sure that you are aware of the most 
up to date information on this topic. An interesting actual example of the use of 
isoperimetric inequalities is, how it is incorporated in the design of robust computer 
networks.

I wish you an enjoyable reading, also successful problem solving, and I hope that you 
can collect loads of new experience with the help of this book.

 
The first edition was published in 1993 (paperback, in Hungarian). 

Sopron, 2013

Zoltán Major
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THEORY

“Anyone who stops learning is old, 
whether at twenty or eighty. ”

~ Henry Ford

CHAPTER I
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“I prefer the errors of enthusiasm to the indifference of wisdom.”
~ Anatole France

What is the solution of the following problems?
 

What is the largest area that can be enclosed with a given length rope?

Among all shapes of a given perimeter, which one has the greatest area?

Among all closed curves in the plane of fixed perimeter, which curve 
maximizes the area of its enclosed region?

All the questions above tackle the same one only they are worded differently. Let’s see 
how Jacob Steiner, the great Swiss mathematician examined this problem.

Consider the following three cases. Let L be of the fixed length of the perimeter.

1) Let G be a concave shape of a given perimeter L. 
The convex hull of the concave shape is the 
smallest convex contour enclosing the given shape 
(as shown on the figure). The convex hull has a 
greater area and a smaller perimeter than L (a 
straight line between its endpoints is the shortest 
path). Enlarge the convex hull to such extent that 
its perimeter shuld be L, meanwhile the area is 
growing. This means that a concave shape cannot 
have the greatest area with a fixed perimeter. 

SECTION 1
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JACOB STEINER'S NICE IDEA 



 
2) Let G be a convex shape of a given perimeter L, and exists a chord that partitions 
the shape into two pieces with equal perimeters, but different areas. Select the piece 
(see the blue color) that has greater area and reflect it to the line of the chord. The new 
shape (shown on the figure) must have the same perimeter, but a greater area than the 
original one. 

3) Finally, we should examine all convex shapes of a given perimeter L, except the 
circle of that all those chords that halves the perimeter, halves the area as well. Some 
examples for such shapes are the ellipse, the square, the regular hexagon …  
So, let AB be a chord that halves both the perimeter and the area, as shown in the 
figure. Since the shape is not a circle, there is such a point P on its boundary, that the 
angle ∠APB is not equal to 900. Fix the length of the line segments PA and PB, bond to 
them the corresponding blue shaded pieces, and change the angle at point P to 900. 
Reflect the resulted shape over the line AB (see the result on the figure above right). 
The perimeter of the new shape has not changed, but its area has grown, since the 
triangle ABP was enlarged (the height for the side AP became greater) and the shaded 
blue parts of the shapes has not changed …
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Steiner had come to the following conclusion: 

area of all shapes, that are differing from the circle, can be increased 
while the perimeter does not change, therefore among all shapes with a 
given perimeter, the circle has the largest area. 

 
Steiner’s reasoning is very nice, but:

we will show in the next chapter why this proof is not complete.
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SECTION 2
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WHAT IS WRONG?



SECTION 3
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THE ISOPERIMETRIC THEOREM



MAKE AN EFFORT TO BE 
COMPREHENSIVE

SECTION 4
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IT IS ALSO SIMPLE BY NOW ...

SECTION 5
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“To force the future of mathematics the true method is  
to study its history and its present state.”

~ Henri Poincaré 

 
The most famous isoperimetric problem can be originated from Virgil's Aeneid as 
Dido’s problem, according to the legend: 
 
"The Kingdom you see is Carthage, the Tyrians, the town of Agenor;
But the country around is Libya, no folk to meet in war.
Dido, who left the city of Tyre to escape her brother,
Rules here--a long and labyrinthine tale of wrong
Is hers, but I will touch on its salient points in order....Dido, in great disquiet, 
organised her friends for escape.
They met together, all those who harshly hated the tyrant
Or keenly feared him: they seized some ships which chanced to be ready...
They came to this spot, where to-day you can behold the mighty
Battlements and the rising citadel of New Carthage,
And purchased a site, which was named 'Bull's Hide' after the bargain
By which they should get as much land as they could enclose with a bull's hide."

The Dido’s problem in mathematics is the following: Find the shape which has the 
maximum area for a given perimeter and bounded by a straight line and a 
curvilinear arc whose endpoints belong to that line. The solution is the semicircle.

Greek mathematicians already addressed the issue.  
First Zenodorus, (around 150 B.C.) examined different shapes of fixed perimeter. He 
wrote a book: On Isometric Figures that contained 14 interesting theorems. Some of 
them are followings: 
- Among all triangles of fixed perimeter L and with a fixed side, the isosceles triangle 
has the greatest area.  

A LITTLE HISTORY

SECTION 6
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- Among all n-sided polygons (n is fixed) of fixed perimeter L, the regular n-sided 
polygon has the greatest area. 
- Among all plane figures of fixed perimeter, the circle has the greatest area. 
It is important to note that at that time the plane figures were: polygons, the circle and 
some parts of the circle.  
Unfortunately Zenodorus’ book has been lost, some parts however survived in the 
works of Pappus of Alexandria (around 300 A.D.). 

It is known that Archimedes also addressed different isoperimetric problems but 
without any result worth mentioning.

In the Middle Ages the mathematical study of the isoperimetric problems intensified 
with the introduction of the calculus methods used by mathematicians such as: 
Descartes (1596-1650), Jacob Bernoulli (1654-1705), Johann Bernoulli (1667-1748), 
Euler (1707-1783), Lagrange (1736-1813) ... Each of them assumed that the solution 
of the isoperimetric problem exists, it was obvious for them. 
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Jacob Steiner (1796-1863), the Swiss mathematician found different imaginative 
proofs for the isoperimetric problem. He however assumed that the circle is the 
solution of the problem even though Dirichlet (1805-1859) drew attention to this 
incompletion. 

                 

The first complete proof was developed by Weierstrass (1815-1897) using the 
variation of calculus (in Berlin at the 1870s years). Weierstrass's works were 
revolutionary on the entire mathematics. Many articles, studies and books have been 
published on the definition of the perimeter, area, volume and surface. It was also an 
important turning point in the history of the isoperimetric problem. 

                
 

However until today there is no real elementary proof of the isoperimetric problem (of 
the existence of the solution). On the other hand more and more generalisations and 
proofs are being created by the use of higher regions of the mathematical concepts, 
such as the variational calculus, series of trigonometric terms, integral geometry, and 
other areas of the mathematics ... 
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Here is just a short selection: 
 
- Schwarz (1843-1921) with a new symmetrization procedure (based on the method of 
Weierstrass) proved the isoperimetric property of the circle and of the sphere [2]. 
 
- Minkowski (1864-1909) by the use of a set theory proved a general inequality which 
contains a special case on the classical isoperimetric inequality.

 
- 1902: Hurwitz (1859-1919) solved the isoperimetric problem using terms of the 
Fourier series and some of their basic properties. 

- Blaschke (1885-1962) found different proofs on the problem by using Integral 
Geometry [1]. 

- A few words about Hungarian mathematicians.  
Béla Szőkefalvi (1913-1998) gave a nice geometrical proof on inequality 

 K2− 4πT > (K− 2rπ)2,

that was first proved by Bonnesen in 1921, by using the concept of the inner parallel 
curve that was also adopted by Frigyes Riesz (1880-1956).
 
László Fejes Tóth (1915-2005) gave geometrical proof on inequality

K2− 4πT ≥ (K− 2pπ)2, R ≥ p ≥ r
by using Santalo’s (1911–2001) proof on Integral Geometry methods.
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EXAMPLES

“In order that knowledge be properly digested 
it must have been swallowed with a good 

appetite.”
~ Anatole France

CHAPTER II
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The solved examples in this chapter prepare the next chapters. We will often use the 
results and the solution methods hereinafter.  
We will also often use the mean inequalities. 

Example 1
A rectangle has a perimeter of 4, find its greatest area.
 

Solution  
Let x and y be the sides of the rectangle. 

The perimeter and the area are:

L = 2 (x + y) = 4, A = xy.
 

Using the A-G inequality for the positive numbers x, y, and squaring both side of the 
inequality, we obtain that

A = xy ≤ (x + y2 )
2

=
L2

16
= 1.

Thus, the area can’t be greater than 1, and the equality holds if and only if x = y. 

Therefore the greatest area is 1, when the rectangle is a square with sides of 1, and in 
all other cases the area is smaller than 1. 

EXAMPLES, SOLUTIONS

1
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Example 2
A triangle has a perimeter of 1, find the minimum of the sum of the 
reciprocal of its sides:

1
a
+
1
b
+
1
c

 .

 
Solution  
The perimeter of the triangle is L = a + b + c = 1. 

 

Apply the A-H inequality for the positive numbers a, b, c, we have

3
1
a +

1
b
+ 1

c

≤ a + b + c
3

=
K
3
=
1
3

.

 
It follows that 

1
a
+
1
b
+
1
c
≥ 9.

 
Therefore the sum of the reciprocal of the sides is at least 9. 
The equality holds if and only if a = b = c, so when the triangle is equilateral. 
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Example 3
Among all isosceles triangles with a perimeter of 2, which one has the
greatest area?  

 
Solution  
Let b be the leg, and a the base in the isosceles triangle with a perimeter of 2. 

The perimeter and the area of the triangle are: 

L = 2b + a = 2, A =
1
2
a b2− a

2

2
, (2b > a).

 
The area is a positive number, it has a maximum value when its square is at its 
maximum too. Hence we have the following product: 

A2 =
1
4
a2(b2− a

2

4 ) =
3
16
aa (2b− a) 2b + a3

.

 
Using the A-G inequality for the positive numbers a, a, 2b− a, 2b + a

3
 (it follows 

from the triangle inequality that 2b > a), we get

A2 =
3
16
a ⋅ a ⋅ (2b− a) ⋅ 2b + a3

≤ 3
16

a + a + (2b− a)+ 2b+ a
3

4

4

=
1
33 ( L2)

4

and substituting L = 2, simplifying and we have

A ≤
3

9
.
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The right part is constant and the equality holds if and only if  

a = a = 2b− a = 2b + a
3

,  

so when the triangle is equilateral. 
 
Please note: 
- we used the A-G inequality for positive numbers, 
- the right part of the inequality is constant and 
- the triangle exists when the numbers are equal to each other. 
These are important parts of the solution 

Note: A common mistake  

Sometimes the A-G inequality is used for the positive numbers a, a, 2b - a, 2b + a, and 
we obtain that

 A2 =
1
16
aa (2b− a) (2b + a) ≤ (

a + a + (2b− a)+ (2b + a)
4 )

4

= ( L2)
4

= 1.

 
The right side of the inequality is constant. It follows that the area is not greater 
than 1.
The equality holds if and only if a = 2b - a = 2b + a, so when a = 0 and b = 0.  
Therefore the triangle does not exist for this case! 
 
This means the value of 1 is only an upper bound and not a maximum value. 
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Example 4
Find the greatest area among all right triangles with a perimeter of 1. 
 

Solution  
Let a, b, c denote the legs, and the hypotenuse, respectively.

The perimeter and the area of the triangle are: 

L = a + b + c = 1, A =
1
2
ab.

Since from the perimeter: a + b = 1− c, and the Pythagorean theorem says that

c2 = a2 + b2,

thus

A =
1
2
ab =

1
4 [(a + b)2− (a2 + b2)] = (1− c)2− c2

4
=
1− 2c
4

, 

so we have
 

A =
1− 2c
4

. 
 

That means that the area has its maximum value at the same time when the 
hypotenuse has its minimum value. So we have to find the minimum value of the 
hypotenuse among all right triangles with a perimeter of 1. 

Using the A-R inequality for the positive numbers a, b, we have
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1
2
=
L
2
=
a + b
2

+
c
2
≤ a2 + b2

2
+
c
2
=

c

2
+
c
2

, 
 

so that

 c ≥ 2 − 1,

where the equality holds if and only if a = b.

Therefore the isosceles triangle (a = b =
2− 2 2

2
) has the minimum hypotenuse 

( 2 − 1) and the maximum area is equal to 
3− 2 2

4
, among all right triangles with 

a perimeter of 1.  

Note: A common mistake
 
Apply the G-R inequality for the positive numbers a, b, we obtain 

ab ≤ a2 + b2

2
, so that A =

1
2
ab ≤ a2 + b2

4
=
c2

4
.

where the equality holds if and only if a = b, so we get the same result as above: the 
solution of the example is the isosceles triangle.

The result is correct, but the train of thought is faulty!

We know that the area can’t be greater than 
c2

4
, but this expression is not constant. 

When the equality holds, this value can be smaller, equal or greater than the 
maximum value of the area. 
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Example 5
Among all trapezoid of a given perimeter, which one can contain the 
greatest circle?
 

Solution 

Example 6
Among all rhombuses of a given perimeter, which one has the 
minimum diameter?  

 
Solution  

Example 7
Find the maximum area of a regular polygon with a given 
perimeter L.
 

Solution  

Example 8
Prove the following inequalities for an equilateral triangle based 
right pyramids of volume V, and of surface area A,  

A ≥ 3 216V2 3 , and V ≤ A3

216 3
,  

 

where the equality holds only for the regular tetrahedron.  
 
Solution  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Example 9
A right circular cylinder is inscribed in a right circular cone of a given
surface area. Find the greatest possible volume of such a cylinder.
The cone and the cylinder have a common axis of rotational 
symmetry.
 

Solution  

Example 10
Let a, b, c be non-negative real numbers. Prove the inequality  

ab + bc + ac ≥ 3abc (a + b + c),

where the equality holds if and only if a = b = c.  
 
Solution  

Example 11
Let a1, a2, a3 and b1, b2, b3 be positive real numbers. Prove the 
inequality

 
a21 + b

2
1 + a22 + b

2
2 + a23 + b

2
3 ≥ (a1 + a2 + a2)2 + (b1 + b2 + b3)2

where the equality holds if and only if 
a1
b1

=
a2
b2

=
a3
b3

.  

 
Solution
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PROBLEMS

“[The universe] cannot be read until we have learnt the language 
and become familiar with the characters in which it is written.  

It is written in mathematical language, and the letters are triangles, 
circles and other geometrical figures, 

without which means it is humanly impossible to comprehend a single word.”
~ Anatole France

CHAPTER III
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1.1 A triangle has a perimeter of 4 and a side of 1, find its greatest area.

1.2 Among all triangles of a given perimeter and with a given side, which one 
has the maximum area?

1.3 Among all triangles of a given perimeter L and with an angle of 60o, 
which one has the greatest area? 

1.4 Among all isosceles triangles of a given perimeter, which one has the 
maximum area?

1.5 Among all right triangles of a given perimeter, which one has the greatest 
area? 

1.6 Among all triangles of a given angle and a given perimeter, which one has the 
largest area?

1.7 Among all triangles of a given perimeter, which one has the greatest area? 

1.8 Find that triangle of a given perimeter that has the minimum diameter.

1.9 Find that acute triangle of a given perimeter that has the minimum 
diameter. 

1.10 Find that obtuse triangle of a given perimeter that has the minimum 
diameter. 

1.11 Find that right triangle of a given perimeter that has the minimum 
diameter.

TRIANGLES

SECTION 1
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1.12 Among all right triangles of a given perimeter, which one has the greatest 
inradius? 

1.13 Among all triangles of a given perimeter, which one has the greatest 
inradius? 

1.14 Among all triangles of a given perimeter, which one has the smallest 
circumcircle?

1.15 What is the minimum value of the sum of the reciprocal of the excircle 
radiuses of a triangle of a given perimeter? 

1.16 What is the maximum value of the product of the excircle radiuses of a 
triangle of a given perimeter? 

1.17 What is the minimum value of the sum, and of the sum of the square of the 
excircle radiuses of a triangle of a given perimeter?

1.18 What is the minimum value of the sum of the square of the sides of a 
triangle of a given perimeter?

1.19 What is the minimum value of the sum of the reciprocal of the sides of a 
triangle of a given perimeter? 

1.20 What is the maximum value of the sum of the square of the bisectors of a 
triangle of a given perimeter? 

1.21 What is the minimum value of the sum of the reciprocal of the bisectors of a
triangle of a given perimeter? 

1.22 What is the minimum value of the sum, and of the product of the bisectors 
of a triangle of a given perimeter? 

1.23 What is the maximum value of the sum of the square of the altitudes of a 
triangle of a given perimeter? 
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1.24 What is the maximum value of the sum, and of the product of the altitudes 
of a triangle of a given perimeter? 

1.25 What is the minimum value of the sum of the reciprocal of the altitudes of a
triangle of a given perimeter? 

1.26 What is the minimum value of the sum of the square of the medians of a
triangle of a given perimeter? 
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2.1 Among all rectangles of a given perimeter, which one has the greatest area?

2.2 Among all parallelograms of a given perimeter L and with a given angle of α, 
which one has the greatest area? 

2.3 Among all parallelograms of a given perimeter, which one has the maximum
area?

2.4 A kite has a perimeter of 10 and one of the sides is the quadruple of another 
side, find what is its maximum area.

2.5 Among all deltoids of a given perimeter, which one has the maximum area? 

2.6 Among all isosceles trapezoids with a perimeter of 8 and with an angle of 
600, which one has the maximum area? 

2.7 Among all isosceles trapezoids of a perimeter L, and with an angle of α, 
which one has the maximum area? 

2.8 An isosceles trapezoid has a perimeter of 10, and a leg of 1, find what is its 
maximum area.

2.9 Among all isosceles trapezoids of a given perimeter, which one has the 
maximum area?

2.10 Among all trapezoids of a given perimeter and a specified length of the two 
bases, which one has the greatest area?

2.11 Among all circumscribed trapezoids of a given perimeter, which one has the 
greatest area?

QUADRILATERALS

SECTION 2
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2.12 Among all cyclic trapezoids of a given perimeter, which one has the 
maximum area? 

2.13 A convex quadrilateral has the sides of lengths 2, 11, 5 and 10, in that order.
Find its greatest area. 

2.14 A convex quadrilateral has the sides of lengths 16, 33, 56, and 63, in any 
order. Find its greatest area. 
 
2.15 A quadrilateral has the sides of lengths

tg
π
18
, tg

π
9
, tg

2π
9
, tg

4π
9

, 

in any order. Find its maximum and its minimum area.

2.16 What is the maximum area of the quadrilateral of given length of the sides.
(The order of the sides is unknown.)

2.17 A cyclic quadrilateral of a given perimeter has a ratio of the perimeter to 
one of the sides is equal to 5 : 2. Find its maximum area. 

2.18 Among all quadrilaterals of a given perimeter which one has the maximum 
area if two opposite angles are supplementary?

2.19 A cyclic quadrilateral has a perimeter of 81 and a radius of 10 of the 
circumcircle. Find its maximum area.

2.20 Among all cyclic quadrilaterals of a given perimeter which one has the 
maximum area?

2.21 The sides of a convex quadrilateral of a given perimeter are parallel to the 
given lines in a fixed order. Find what is its maximum area.

2.22 Among all convex quadrilaterals of a given perimeter and the given angles 
(and given order), which one has the maximum area?
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2.23 Among all convex quadrilaterals of a given perimeter which one has the 
maximum area if the sum of two neighboring angles are given?

2.24 Among all convex quadrilaterals of a given perimeter which one has the 
maximum area if the sum of two opposite angles are given?

2.25 Among all quadrilaterals of a given perimeter, which one has the 
greatest area? 

2.26 Find that parallelogram of a given perimeter that has the minimum 
diameter.

2.27 Find that convex kite of a given perimeter that has the minimum diameter. 

2.28 Find that kite of a given perimeter that has the minimum diameter.

2.29 Find that quadrilateral of a given perimeter that has the minimum 
diameter. 

2.30 Among all quadrilaterals of a given perimeter, which one has the greatest 
contained circle?

2.31 Find that smallest circle that can contain the convex quadrilateral of a given 
perimeter.
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3.1 Among all polygons of a given perimeter, which one has the greatest area?

3.2 The sides of an convex n-sided polygon of a given perimeter are parallel to 
the given lines in a fixed order. Find what is its maximum area.

3.3 Among all n-sided polygons of a given perimeter and the given angles (and 
given order), which one has the maximum area?

3.4 Among all n-sided polygons of a given perimeter, which one has the 
maximum area?

3.5 A convex 5-sided polygon has all side of 1, find its minimum diameter.

3.6 What is the maximum value of the product of the sides of a polygon of a 
perimeter of 1?

3.7 A polygon has a perimeter of 1 and a side of 
1
4

. What is the minimum value 

of the sum of the reciprocal of the sides?

3.8 What is the minimum value of the sum of the reciprocal of the sides of a 
polygon with a perimeter of 1?

3.9 What is the minimum value of the sum of the square of the sides of a 
polygon with a perimeter of 1?

3.10 Among all convex n-sided polygons of a given perimeter, which one has the 
greatest contained circle?

3.11 Find that convex n-sided polygon of a given perimeter that can contain the 
smallest circle.

POLYGONS

SECTION 3
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3.12 Let G be a 6-sided convex polygon, joined together two squares with sides a 
and b, (a > b), that have no common interior point. The one common vertex of 
the squares is not vertex of the G, and there is a common line of the sides. 
Among all G polygons of a given perimeter L, which one has the smallest area?

3.13 Draw squares to the outboard sides of a rectangle. The four squares and 
the rectangle constitute a 12 sides polygon. Among all of these polygons of a 
given perimeter, which one has the smallest area? 

3.14 Draw isosceles triangles to the outboard sides of a triangle. Altitude of each 

isosceles triangle is equal to 
3

3
-times of the corresponding base side. The four 

triangles constitute a 6-sided polygon (it could be degenerate). Among all of 
these polygons of a given perimeter, which one has the greatest area?

3.15 Draw rectangles to the outboard sides of a triangle. The perpendicular side 

in the rectangle is equal to 
3

6
-times of the corresponding side of the triangle. 

The triangle and the three rectangles constitute a 9-sided polygon. Among all of 
these polygons of a given perimeter, which one has the greatest area?

3.16 A square and an equilateral triangle have a common line of the side, a 
common axis of symmetry, and have no common interior point. They constitute 
a 7-sided polygon. Among all of these polygons of a given perimeter, which one 
has the smallest area?
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4.1 What is the area and the perimeter of a sector if the length of the arc 
is 450 m and the central angle is equal to 180o, 120o, 90o, 60o, 45o, and 30o?

4.2 What is the central angle in the sector of a given perimeter, if the area is 
of it's maximum?

4.3 Among all annuluses of a given perimeter, which one has the greatest area? 

4.4 Among all quarter-annuluses of a given perimeter, which one has the 
greatest area? 

4.5 Draw a semicircle to one outboard side of a rectangle. A shape G is 
constituted by the rectangle and the semicircle. Among all shapes G of a 
given perimeter, which one has the greatest area?

4.6 Draw semicircles to the outboard sides of a rectangle. A shape G is 
constituted by the rectangle and the four semicircles. Among all shapes G of a 
given perimeter, which one has the smallest area? 

4.7 A shape G is constituted by a square and a semicircle. The square and the 
semicircle has a common axis of symmetry, they have common border points, 
and have no common interior point. Among all shapes G of a given perimeter, 
which one has the minimum area? 

4.8 A shape G is constituted by a equilateral triangle and a semicircle. 
The equilateral triangle and the semicircle has a common axis of symmetry, they 
have common border points, and have no common interior point. Among all 
shapes G of a given perimeter, which one has the minimum area?

OTHER PLANE FIGURES

SECTION 4
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4.9 Let 2a and 2b be the two sides of a rectangle, and draw new rectangles to its
outboard sides. The altitude of each new rectangle is equal to either a or b, it 
is the half of the corresponding side of the original rectangle. Cut eight quadrants 
(circular sector) from the new rectangles: the center of a quadrant is the vertex of
the new rectangle that is not a vertex of the original rectangle (so the 
corresponding radius of a quadrant is either a or b). We obtain a shape G 
bounded by arcs. Among all shapes G of a given perimeter, which one has the 
greatest area? 
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5.1 Prove for right triangles of perimeter L, and area A,   
L2−(12 + 8 2)A ≥ 0,

and equality holds if and only if the triangle is the isosceles right triangle. 

5.2 Prove for obtuse triangles of perimeter L, and area A,

L2−(12 + 8 2)A > 0.

5.3 Prove for triangles of perimeter L, and area A,

L2− 12A 3 ≥ 0,

and equality holds if and only if the triangle is equilateral.

5.4 Prove for triangles of perimeter L, and diameter d,

L
3
≤ d < L

2
,

and equality holds if and only if the triangle is equilateral.

TWO-DIMENSIONAL INEQUALITIES

SECTION 5
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5.5 Prove for triangles of perimeter L, radius of incircle rb, radius of circumcircle
Rk, and minimum radius of the circle that can contain the triangle R,

a) 0 < rb ≤
L 3

18
,

b) 
L 3

9
≤ Rk <∞,

c) 
L 3

9
≤ R < L

4
,

and equality holds if and only if the triangle is equilateral.

5.6 Prove for triangles of perimeter L, and the radiuses of excircles ra, rb, rc

a) 
L2

4
≤ r2a + r2b + r2c <∞, 

b) 
L 3

2
≤ ra + rb + rc <∞,

c) 0 < rarbrc ≤
L3 3

72
, 

d) 
6 3

L
≤ 1
ra
+
1
rb
+
1
rc
<∞, 

and equality holds if and only if the triangle is equilateral.

5.7 Prove for triangles of perimeter L, and sides a, b, c,

a) 
L2

3
≤ a2 + b2 + c2 <

L2

2
,

b) 0 < abc ≤ L3

27
,

c) 
9
L
≤ 1
a
+
1
b
+
1
c
<∞,

and equality holds if and only if the triangle is equilateral.
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5.8 Prove for triangles of perimeter L, and angle bisectors ba, bb, bc

a) 0 < b2a + b2b + b
2
c ≤

L2

4
,

b) 
L
2
< ba + bb + bc ≤

L 3

2
,

c) 0 < babbbc ≤
L3 3

72
,

d) 
6 3

L
≤ 1
ba
+
1
bb
+
1
bc
<∞, 

and equality holds if and only if the triangle is equilateral.

5.9 Prove for triangles of perimeter L, and altitudes ha, hb, hc

a) 0 < h2a + h2b + h
2
c ≤

L2

4
,

b) 0 < ha + hb + hc ≤
L 3

2
,

c) 0 < hahbhc ≤
L3 3

72
,

d) 
6 3

L
≤ 1
ha
+
1
hb
+
1
hc
<∞,

and equality holds if and only if the triangle is equilateral.

5.10 Prove for triangles of perimeter L, and medians ma,mb,mc

a) 
L2

4
≤m2

a +m2
b +m

2
c <

3L2

8
, 

b) 
3L
4
< ma +mb +mc < L,

and equality holds if and only if the triangle is equilateral.
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5.11 Prove for parallelograms of perimeter L, area A, and an angle of α,

L2− 16A
sinα ≥ 0,

and equality holds if and only if the parallelogram is the rhomboid with an angle 
of α.

5.12 Prove for isosceles trapezoids of perimeter L, area A, and an angle of α,

L2 − 16A
sinα ≥ 0 ,

and equality holds if and only if the leg is equal to the arithmetic mean of the
bases.

5.13 Prove for convex quadrilaterals of semiperimeter s, area A and sides 
a, b, c, d,

(s− a) (s− b) (s− c) (s− d)− A2 ≥ 0,

and equality holds if and only if the quadrilateral is circumscribed in a circle.

5.14 Prove for quadrilaterals of perimeter L, and area A, 

L2− 16A ≥ 0,

and equality holds if and only if the quadrilateral is the square.

5.15 Prove for parallelograms of perimeter L, and diameter d,

L 2

4
≤ d < L

2
,

and equality holds if and only if the parallelogram is the square.
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5.16 Prove for quadrilaterals of perimeter L, and diameter d,

 
L
4
< d <

L
2

.

5.17 Prove for quadrilaterals of perimeter L, and radius r of the greatest circle 
contained by the quadrilateral,

0 < r ≤ L
4

,

and equality holds if and only if the quadrilateral is the square.

5.18 Prove for quadrilaterals of perimeter L, and radius R of the minimum circle 
that can contain the convex quadrilateral,

L 2

8
≤ R < L

4
,

and equality holds if and only if the quadrilateral is the square.

5.19 Prove for convex cyclic quadrilaterals of perimeter L, and radius Rk of the 
circumcircle,

L 2

8
≤ Rk <∞,

and equality holds if and only if the quadrilateral is the square.

5.20 Prove for n-sided polygons of perimeter L, and area A,

L2− 4nAtgπ
n
≥ 0,

and equality holds if and only if the polygon is regular.

5.21 Prove for n-sided polygons of perimeter L, and diameter d,

L
n
≤ d < L

2
.
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5.22 Prove for n-sided polygons of perimeter L, and radius r of the largest circle 
contained by the polygon,  

0 < r ≤ L
2ntg πn

,

and equality holds if and only if the polygon is regular.

5.23 Prove for convex n-sided polygons of perimeter L, and radius R of the 
minimum circle that can contain the polygon,

L
2ntg πn

≤ R < L
4

,

and equality holds if and only if the polygon is regular.

5.24 Prove for convex cyclic n-sided polygons of perimeter L, and the 
circumcircle radius Rk  

L
2ntg πn

≤ Rk <∞,

and equality holds if and only if the polygon is regular.

5.25 Prove for n-sided polygons of perimeter L, and the sides, 

L2

n
≤ a21 + a22 + . . . + a2n <

L2

2
,

and equality holds if and only if the sides of the n-sided polygon are equal.

5.26 Prove for sectors of perimeter L, and area A, 

L2− 16A ≥ 0,

and equality holds if and only if the angle of the sector is to radians 2.
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5.27 Prove for quarter-annuluses of perimeter L, and area A,  

L2− 16A ≥ 0,

and equality holds if and only if for the radiuses of the concentric circles the 
following proportion is true 
R : r = (4 +π) : (4−π).
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6.1 A tetrahedron has an equilateral triangle base and all other edges are equal 
together. Among all such tetrahedra of a given surface area, which one has the 
maximum volume?

6.2 Among all tetrahedra of a given surface area, which one has the greatest 
volume?

6.3 What is the minimum value of the sum of the square, and of the sum of the 
reciprocal of the area of the faces of a tetrahedron of a given surface area?

6.4 What is the maximum value of the sum of the product of the area of the faces
 of a tetrahedron of a given surface area?

6.5 Find that tetrahedron of a given surface area that has the minimum 
diameter.

6.6 Among all tetrahedra of a given surface area, which one has the greatest 
contained sphere?

6.7 Among all tetrahedra of a given surface area, which one has the smallest 
circumscribed sphere? 

6.8 What is the minimum value of the sum of the reciprocal of the radiuses of 
the exspheres of a tetrahedron of a given surface area?

6.9 What is the minimum value of the sum of the squares of the edges of a 
tetrahedron of a given surface area? 

6.10 What is the minimum value of the sum of the edges of a tetrahedron of a 
given surface area? 

TETRAHEDRON

SECTION 6
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6.11 What is the minimum value of the sum of the squares of the altitudes of a 
tetrahedron of a given surface area? 

6.12 What is the maximum value of the product of the altitudes of a tetrahedron
of a given surface area?

6.13 What is the minimum value of the sum of the squares of the medians of a 
tetrahedron of a given surface area? 
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7.1 Among all square based right prisms of a given surface area, which one has
the greatest volume?

7.2 Among all right rectangular prisms (rectangular cuboids) of a given surface 
area, which one has the maximum volume?

7.3 Among all equilateral triangle based right prisms of a given surface area, 
which one has the maximum volume (what is its altitude and the edge of the 
base)?

7.4 Among all isosceles right triangle based right prisms of a given surface area,
 which one has the greatest volume (what is its altitude and the edge of the 
base)? 

7.5 Among all isosceles triangle (of an angle α between the legs) based right 
prisms of a given surface area, which one has the maximum volume (what is the 
proportion of the altitude and the leg of the base)?
 
7.6 Among all parallelepipeds of a given surface area, which one has the greatest
volume? 

7.7 Among all prisms (the base polygon is similar to a given polygon) of a given 
surface area, which one has the maximum volume (what is the proportion of the 
surface area and the area of the base)?

7.8 Among all n-sided right prisms of a given surface area, which one has the 
greatest volume? 

7.9 Among all n-sided prisms of a given surface area, which one has the greatest 
volume? 

PRISMS

SECTION 7
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7.10 Among all prisms of a given surface area, which one has the greatest 
volume? 

7.11 A cylinder is inscribed to the 3-sided right prisms. (The base circles of the 
cylinder lie on the corresponding base triangles of the prism.) Among all such 
right prisms of given surface area, which one has the greatest inscribed cylinder?

7.12 A cone is inscribed to the 3-sided right prisms. (The base circle of the 
cone lies on the base triangle of the prism, and its vertex lies on the another base 
triangle.) Among all such right prisms of given surface area, which one has the 
greatest inscribed cone? 

7.13 Find that right rectangular prism of a given surface area that has the 
minimum diameter.

7.14 Find that parallelepiped of a given surface area that has the smallest 
diameter. 

7.15 Find that 3-sided right prisms of a given surface area that has the minimum
diameter. 

7.16 What is the minimum value of the sum of the squares of the edges of a right
rectangular prism of a given surface area? 

7.17 Among all parallelepipeds of a given surface area, which one has the 
greatest contained sphere? 

7.18 Among all n-sided prisms of a given surface area, which one has the 
greatest contained sphere?

7.19 Among all prisms of a given surface area, which one has the greatest 
contained sphere? 

7.20 Find that minimum sphere that can contain the parallelepiped of a given 
surface area.
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8.1  Among all square based right pyramids of a given surface area, which one 
has the greatest volume (what is its base area and its altitude)?

8.2 Among all regular hexagon based right pyramids of a given surface area, 
which one has the maximum volume (what is its base area and its altitude)?

8.3 Among all regular n-sided right pyramids of a given surface area, which one 
has the greatest volume (what is its base area and its altitude)?

8.4 Among all n-sided pyramids of a given surface area, which one has the 
greatest volume? 

8.5 Among all pyramids of a given surface area, which one has the maximum 
volume?

8.6 Find that equilateral triangle based right pyramid of a given surface area 
that has the minimum diameter.

8.7 Among all n-sided pyramids of a given surface area, which one has the 
greatest contained sphere?

8.8 Among all pyramids of a given surface area, which one has the greatest 
contained sphere? 

8.9 Among all square based right bipyramids of a given surface area, which one 
has the greatest volume (what is its base area and its altitude)? 

8.10 Among all regular n-sided right bipyramids of a given surface area, which 
one has the maximum volume (what is its base area and its altitude)? 

PYRAMIDS

SECTION 8
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8.11 The surface area of a regular 4-sided and of a regular hexagon based 
bipyramids equal to each other. Which one has the greatest volume? 
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9.1 Among all cones (right, circular) of a given surface area, which one has the 
greatest volume (what is its base area and its altitude)?

9.2 One of the base circle is the double of the other one in a right circular 
frustum. Among all such frustums of a surface area of 8π, which one has the 
greatest volume?

9.3 Find that cone of a given surface area that has the minimum diameter. 

9.4 Among all cones of a given surface area, which one has the greatest 
contained sphere?

9.5 A cylinder is inscribed to the cone, and they have a common axis of 
symmetry. Among all such cones of given surface area, which one has the 
greatest inscribed cylinder? What is the volume of this cylinder and what is the 
proportion of their volumes?

9.6 A equilateral triangle based prism is inscribed to the cone, and they have a 
common axis of symmetry. Among all such cones of given surface area, which 
one has the greatest inscribed prism? What is the volume of this prism?

9.7 A cone is inscribed to another cone, they have a common axis of symmetry, 
and vertex of the inscribed cone lies in the center of the base circle of the larger 
cone. Among all such cones of given surface area, which one has the 
greatest inscribed cone? What is the volume of the inscribed cone and what is the 
proportion of their volumes? 

9.8 Among all bicones of a given surface area, which one has the greatest 
volume?

9.9 Find that bicone of a given surface area that has the minimum diameter.

CONES (RIGHT CIRCULAR)

SECTION 9
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9.10 Among all bicones of a given surface area, which one has the greatest 
contained sphere?
 
9.11 Find that minimum sphere that can contain the cone of a given surface area.

9.12 The surface area of a cone and of a bicone equal to each other. Which one 
has the greatest volume? 
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10.1 Among all cylinders of a given surface area, which one has the 
greatest volume (what is its base area and its altitude)?

10.2 Find that cylinder of a given surface area that has the minimum diameter. 
What is its altitude and the radius of the base circle?

10.3 Among all cylinders of a given surface area, which one has the greatest 
contained sphere?

10.4 Find that minimum sphere that can contain the cylinder of a given surface 
area.

10.5 The surface area of a cylinder and of a rectangular cuboid equal to each 
other. Which one has the greatest volume? 

CYLINDERS (RIGHT CIRCULAR)

SECTION 10
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11.1 Make a rectangular cuboid box without the top. Among all such boxes of a 
given surface area, which one has the greatest volume?

11.2 Make a tetrahedron box without one side. Among all such boxes of a 
given surface area, which one has the greatest volume? 

11.3 Make a right prism box without the top. Among all such boxes of a 
given surface area, which one has the greatest volume? 

11.4 Make a cylinder box without the top. Among all such boxes of a 
given surface area, which one has the greatest volume?

11.5 Make a cone box without the base. Among all such boxes of a 
given surface area, which one has the greatest volume?

OTHER SOLID FIGURES

SECTION 11
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12.1 Prove for tetrahedron of surface area A, and volume V,  

A3− 216V2 3 ≥ 0,

and equality holds if and only if the tetrahedron is regular. 

12.2 Prove for tetrahedron of surface area A, and side areas A1,A2, A3, A4 

a) 
A2

4
≤ A21 + A22 + A23 + A24 <

A2

2
,

b) 0 < A1A2A3A4 ≤
A4

256
,

c) 
16
A
≤ 1
A1

+
1
A2

+
1
A3

+
1
A4

<∞,

and equality holds if and only if A1 = A2 = A3 = A4. 

12.3 Prove for tetrahedron of surface area A, and diameter d, 

A 3

3
≤ d <∞, 

and equality holds if and only if the tetrahedron is regular.

THREE-DIMENSIONAL 
INEQUALITIES

SECTION 12
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12.4 Prove for tetrahedron of surface area A, and radius of insphere rB, radius 
of circumscribed sphere Rk, and minimum radius R of the sphere that can 
contain the tetrahedron,

a) 0 < rB ≤
2A 3

12
,

b) 
2A 3

4
≤ Rk <∞,

c) 
2A 3

4
≤ R <∞, 

 
and equality holds if and only if the tetrahedron is regular.

12.5 Prove for tetrahedron of surface area A, and radiuses of escribed 
spheres r1, r2, r3, r4

96 3

A
≤ 1
r1
+
1
r2
+
1
r3
+
1
r4
<∞, 

 
and equality holds if and only if the tetrahedron is regular.

12.6 Prove for tetrahedron of surface area A, and edges a, b, c, d, e, f,

a) 12A 3 ≤ a + b + c + d + e + f <∞,

b) 2A 3 ≤ a2 + b2 + c2 + d2 + e2 + f2 <∞,

c) 0 < abcdef <∞,

d) 0 <
1
a
+
1
b
+
1
c
+
1
d
+
1
e
+
1
f
<∞,

and equality holds if and only if the tetrahedron is regular.
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12.7 Prove for tetrahedron of surface area A, and altitudes h1, h2, h3, h4

a) 0 < h1 + h2 + h3 + h4 <∞,
b) 0 < h21 + h

2
2 + h

2
3 + h

2
4 <∞,

c) 0 < h1h2h3h4 <∞,

d) 
24 3

A
≤ 1
h1
+
1
h2
+
1
h3
+
1
h4
<∞,

and equality holds if and only if the tetrahedron is regular.

12.8 Prove for tetrahedron of surface area A, and medians m1,m2,m3,m4

8A 3

9
≤m2

1 +m
2
2 +m

2
3 +m

2
4 <∞, 

and equality holds if and only if the tetrahedron is regular. 

12.9 Prove for equilateral triangle based right prisms of surface area A, and 
volume V,  

A3− 162V2 3 ≥ 0, 

and equality holds if and only if the base area is equal to 
A
6

. 

12.10 Prove for isosceles right triangle based right prisms of surface area A, and 
volume V, 

A3− 54(3 + 2 2)V2 ≥ 0, 

and equality holds if and only if the base area is equal to 
A
6

.
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12.11 Prove for parallelepiped of surface area A, and volume V,  

A3− 216V2 ≥ 0,

and equality holds if and only if the parallelepiped is the cube.

12.12 Prove for n-sided prisms of surface area A, and volume V,

A3− 54nV2tgπ
n
≥ 0,

and equality holds if and only if the base is a regular polygon and the base area 

is equal to 
A
6

.

12.13 Prove for parallelepiped of surface area A, and diameter d, 

A
2
≤ d <∞, 

 
and equality holds if and only if the parallelepiped is the cube.

12.14 Prove for triangle based right prisms of surface area A, and diameter d,  

( 39 − 3)A
3

≤ d <∞.

12.15 Prove for parallelepiped of surface area A, and radius r of the largest 
contained sphere, 

0 < r ≤
6A

12
, 

and equality holds if and only if the parallelepiped is the cube.
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12.16 Prove for n-sided prisms of surface area A, and radius r of the greatest 
contained sphere, 

0 < r ≤ A
6ntg πn

.

12.17 Prove for parallelepiped of surface area A, minimum radius R of the 
sphere that can contain the parallelepiped,  

2A

4
≤ R <∞, 

and equality holds if and only if the parallelepiped is the cube. 

12.18 Prove for n-sided pyramids of surface area A, and volume V,

A3− 72nV2tgπ
n
≥ 0,

and equality holds if and only if the base of the pyramid is a regular polygon 

and the base area is equal to 
A
4

.

12.19 Prove for equilateral triangle based pyramids of surface area A, and 
diameter d, 

A 3

3
≤ d <∞, 

 
and equality holds if and only if the tetrahedron is regular.
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12.20 Prove for n-sided pyramids of surface area A, and radius r of the greatest 
contained sphere,

0 < r ≤ A
8ntg πn

,

and equality holds if and only if the base of the pyramid is a regular polygon 

and the base area is equal to 
A
4

.

12.21 Prove for n-sided bipyramids of surface area A, and volume V,

A3− 27 3nV2tg
π
n
≥ 0,

and equality holds if and only if the base of the bipyramid is a regular polygon 

and the base area is equal to 
A

2 3
.

12.22 Prove for cones of surface area A, and volume V,

A3− 72πV2 ≥ 0,

and equality holds if and only if the base area is equal to 
A
4

.

12.23 Prove for cones of surface area A, and diameter d, 

2
A
3π ≤ d <∞, 

 
and equality holds if and only if the cone is equilateral.
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12.24 Prove for cones of surface area A, and radius r of the largest contained 
sphere,

0 < r ≤ A
8π ,

and equality holds if and only if the base area is equal to 
A
4

.

12.25 Prove for bicones of surface area A, and volume V,

A3− 27πV2 3 ≥ 0,

and equality holds if and only if the base area is equal to 
A

2 3
.

12.26 Prove for bicones of surface area A, and diameter d,

A 2

π ≤ d <∞,
 

and equality holds if and only if the base area is equal to 
A

2 2
.

12.27 Prove for bicones of surface area A, and radius r of the greatest contained 
sphere,

0 < r ≤
A 3

9π , 
 

and equality holds if and only if the base area is equal to 
A

2 3
.
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12.28 Prove for bicones of surface area A, and the radius R of the smallest 
sphere that can contain the bicone,

A 2

4π ≤ R <∞, 

and equality holds if and only if the base area is equal to 
A

2 2
.

12.29 Prove for cylinders of surface area A, and volume V,

A3− 54πV2 ≥ 0,

and equality holds if and only if the base area is equal to 
A
6

. 

12.30 Prove for cylinders of surface area A, and diameter d, 

( 5 − 1)A
π ≤ d <∞, 

and equality holds if and only if the base area is equal to 
A

2 5
.

12.31 Prove for cylinders of surface area A, and radius r of the greatest contained 
sphere,

0 < r ≤ A
6π , 

and equality holds if and only if it is an equilateral cylinder.
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12.32 Prove for cylinders of surface area A, and radius R of the smallest sphere 
that can contain the cylinder,  

( 5 − 1)A
4π ≤ R <∞, 

 
and equality holds if and only if the base area is equal to 

A

2 5
.

60



2D shape: Iq =
4πA
L2

, 3D shape: IQ =
36πV2
A3

 (see the Section 3, Chapter I). 

13.1 What is the Iq for the equilateral triangle, for the isosceles right triangle, for
the right triangle with an angle of 60o, for the isosceles triangle with with an 
angle of 120o, and for the triangle with angles of 75o, 75o and 30o?

13.2 What is the Iq for the circle, for the semicircle, for the quadrant, and for the
sector with an angle of 600?

13.3 What is the Iq for the rectangle (with sides a and 2a), for the rhomboid 
with an angle of 600, and for the isosceles trapezoid (with side lengths a, a, a and 
2a)?

13.4 What is the Iq for the square, for the regular 6-sided polygon, for the 
regular 12-sided polygon, for the regular 24-sided polygon, and for the regular 
512-sided polygon? 

13.5 Reflect a square to the line of its sides. The five squares constitute a 
plane figure. What is the Iq for this square cross? 

13.6 Draw equilateral triangles to the outboard sides of the square, of the 
regular 6-sided polygon, and of the regular 512-sided polygon. What is the Iq for 
these spiky shapes?

13.7 What is the IQ for the sphere, for the hemisphere, and for the quarter 
sphere? 

13.8 What are the IQ for the five Platonic solids?

ISOPERIMETRIC QUOTIENT

SECTION 13
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13.9 What are the IQ for 
     equilateral cylinder (h = 2r), 
     equilateral cone (a = 2r), 
    Truncated cone (R = 2r, a = 2r), 
     square based prism (h = 2a), 
     regular 4-sided pyramid (h = x)?

13.10 Reflect a cube to the plane of its faces. The 7 cubes constitute a 
solid figure. What is the IQ for this cube cross? 

13.11 Draw outside regular polygon based pyramids to the faces of the Platonic 
solids (3-, 4-, 3-, 5- and 3-sided, respectively). The edges of the base 
polygons, the altitudes of these pyramids, and the edges of the platonic 
figures have the same length. What is the IQ for these spiny regular solids?

13.12 Which is that 2D shape that has Iq = 0,16π?

13.13 Find a 2D shape that has Iq < 0,003.

13.14 Find a 2D shape that has Iq = 0,75.

13.15 Find two 2D shapes with the same Iq.

13.16 Find two (not similar) convex plane figures with the same Iq.

13.17 Which one 3D shape has an IQ = 
9π
128

?

13.18 Find a polyhedron that has IQ > 0,9.

13.19 Find a 3D shape for 0,97 < IQ < 0,98.

13.20 Find two (not similar) 3D shapes with the same IQ.

13.21 Find two (not similar) convex 3D shapes with the same IQ.
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We met with the isoperimetric inequality for 2D shapes of perimeter L, and area A in 
the Chapter I

L2− 4πA ≥ 0 or A ≤ L2

4π .

where the equality holds if and only if the 2D shape is the circle.

Since the area is a non-negative number we obtain the following equivalent inequality

L ≥ 4πA.

This means that among all 2D shapes of a given area the circle has the minimum 
perimeter. This is the duality of the isoperimetric theorem. 
See more in the Kazarinoff’s book [10].

14.1 Find that triangle of a given area that has the minimum and the maximum 
diameter.

14.2 Find that minimum circle that can contain the triangle of a given area.

14.3 Among all triangles of a given area, which one has the greatest inradius? 

14.4 What is the minimum value of the sum of the square of the sides of a 
triangle of a given area?

14.5 What is the minimum value of the product of the radiuses of the excircles 
of a triangle of a given area?

14.6 What is the minimum value of the sum of the square of the medians 
of a triangle of a given area? 

DUALITY

SECTION 14
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14.7 Find that tetrahedron of a given volume that has the minimum and the 
maximum diameter. 

14.8 Find that minimum sphere that can contain the tetrahedron of a given 
volume.

14.9 Among all tetrahedra of a given volume, which one has the greatest 
contained sphere? 

14.10 What is the minimum value of the sum of the squares of the edges of a 
tetrahedron of a given volume?
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Instructions, solutions, results

The preferred method in this chapter is the use of inequality where it is possible. We 
will show one solution for each problem, but it is suggested to find other solutions 
with different methods.

 
Note: The a (or b, or c, ...) can denote a line segment itself, or the length of the line 
segment.

SOLUTIONS

“Live as if you were to die tomorrow. 
Learn as if you were to live forever.”

~ Mahatma Gandhi

CHAPTER IV

65



TRIANGLES

1

66



QUADRILATERALS

2

67



POLYGONS

SECTION 3

68



OTHER PLANE FIGURES

SECTION 4

69



TWO-DIMENSIONAL INEQUALITIES

SECTION 5

70



TETRAHEDRON

SECTION 6

71



PRISMS

SECTION 7

72



PYRAMIDS

SECTION 8

73



CONES (RIGHT CIRCULAR)

SECTION 9

74



CYLINDERS (RIGHT CIRCULAR)

SECTION 10

75



OTHER SOLID FIGURES

SECTION 11

76



THREE-DIMENSIONAL 
INEQUALITIES

SECTION 12

77



ISOPERIMETRIC QUOTIENT

SECTION 13

78



DUALITY

SECTION 14

79



TABLES

“Everything should be as simple as possible, but not simpler.”

~ Albert Einstein
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Isoperimetric inequalities of the area
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CHAPTER V

81



Isoperimetric inequalities of the volume
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Isoperimetric inequalities of the triangle
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Isoperimetric inequalities of the tetrahedron
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Isoperimetric inequalities of the diameter
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Isoperimetric inequalities of the containing, contained circle
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Isoperimetric inequalities of the of the containing, contained sphere 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Approximate value of isoperimetric quotients on the plane
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Approximate value of isoperimetric quotients on the sphere
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Angle bisector theorem

Let bc be the bisector of the angle opposite the side c. Other two sides are a and b. 
If the bisector divides the c side to two segments x and y, then 

x
y
=
a
b

.

Using the triangle-inequality we get also the following inequalities: 

bc + x > a, bc + y > b, 

and we have

bc >
a + b− c

2
.

Related Glossary Terms

Index

Drag related terms here

Find Term



Bicone

Reflect circular cone to the plane of its base circle. We get a bicone or dual cone. 
The bicone and the original cone has the same base circle, the dual cone has twice 
altitude, then the original cone. 

A bicone is swept by revolving a rhombus around one of its axes of symmetry. 
Alternatively, one can view a bicone as the surface created by joining two identical 
right circular cones base-to-base.

Related Glossary Terms

Index

Chapter III - Cones (right circular)
Chapter III - Cones (right circular)
Chapter III - Cones (right circular)
Chapter III - Three-dimensional inequalities
Chapter III - Three-dimensional inequalities
Chapter III - Three-dimensional inequalities
Chapter III - Three-dimensional inequalities
Chapter III - Three-dimensional inequalities

Drag related terms here

Find Term



Bipyramid

Reflect pyramid to the plane of its base polyhedron. We get a bipyramid or dual 
pyramid. 
The bipyramid and the original pyramid has the same base polygon, the 
bipyramid has twice altitude, then the original pyramid. 

Related Glossary Terms

Index

Chapter III - Pyramids
Chapter III - Pyramids
Chapter III - Three-dimensional inequalities

Drag related terms here

Find Term



Cauchy inequality

Cauchy–Bunyakovszkij–Schwarz-inequality or
Cauchy–Schwarz-inequality or
Cauchy–Bunyakovszkij-inequality:

Let a1, . . . an, b1, . . . bn be real numbers (n natural number), then

a1b1 + . . . + anbn ≤ a21 + . . . + a
2
n b21 + . . . + b

2
n.

 
If n = 2, then

a1b1 + a2b2 ≤ a21 + a
2
2 b21 + b

2
2.

It follows from Lagrange's identity (for example):

(a21 + a22) (b21 + b22)− (a1b1 + a2b2)2 = (a1b2− a2b1)2

Related Glossary Terms
Drag related terms here



Diameter

The longest distance between two points within the shape. 

Related Glossary Terms

Index

Drag related terms here

Find Term



Heron's formula

The area of a triangle whith sides a, b and c is

A =
L
2 ( L2 − a) ( L2 − b) ( L2 − c) = s (s− a) (s− b) (s− c),

where L = a + b + c, is the perimeter and s =
a + b + c

2
, is the semiperimeter of 

the triangle.

The area of a cyclic quadrilateral whith sides a, b, c, d is (Brahmagupta's 
formula):

A = ( L2 − a) ( L2 − b) ( L2 − c) ( L2 − d) = (s− a) (s− b) (s− c) (s− d),

where L = a + b + c + d, is the perimeter and s =
a + b + c + d

2
, is the 

semiperimeter of the cyclic quadrilateral.

Related Glossary Terms

Index

Drag related terms here

Find Term



Law of cosines

Also known as the cosine formula or cosine rule.

Let a, b, c be the sides of the triangle, and the angle γ is opposite to the side c, 
then 

c2 = a2 + b2− 2ab cosγ.

The law of cosines is an extension of the Pythagorean theorem:

- in oblique triangles 0 < cosγ < 1, therefore c2 > a2 + b2,

- in right triangle cosγ = 0, therefore c2 = a2 + b2 (Pythagorean theorem), 
 
- in acute triangle −1 < cosγ < 0, therefore c2 > a2 + b2.

Related Glossary Terms

Index

Drag related terms here

Find Term



Root-Mean Square-Arithmetic Mean-Geometric Mean-
Harmonic mean Inequality (R-A-G-H)

Let a
1
, a2, . . . an be positive real numbers, and n natural number, then

R =
a21 + a22 + . . . + a2n

n
 is the Root-Mean Square,   

A =
a1 + a2 + . . . + an

n
 is the Arithmetic Mean,

G = n a1a2 . . . an  is the Geometric Mean,

H =
n

1
a1
+ 1

a2
+ . . . + 1

an

 is the Harmonic Mean,

   
The following inequalities are true for them:

 
H ≤ G ≤ A ≤ R,

 
and equality holds if and only if a1 = a2 = . . . = an. 
 
Note: we can use these inequalities for non-negatives real numbers except the 
harmonic mean.

 
You can find a proof for example here: [20] problem 268, 270, 281.

 
The short name of the 

Arithmetic Mean - Geometric Mean inequality is: A - G inequality,
Geometric Mean - Harmonic Mean inequality is: G - H inequality,
Root-Mean Square - Arithmetic Mean inequality is: R - A inequality,
and so on ...  

 
The following inequality chain is often used for the a, b positive (or none-negative 
if possible) real numbers (when n = 2):

 
2

1
a +

1
b

≤ ab ≤ a + b
2

≤ a2 + b2

2
,

 
and equality holds if and only if a = b.

 

Related Glossary Terms

Index

Chapter II - Examples, solutions
Chapter II - Examples, solutions
Chapter II - Examples, solutions
Chapter II - Examples, solutions
Chapter II - Examples, solutions
Chapter II - Examples, solutions
Chapter II - Examples, solutions
Chapter II - Examples, solutions

Drag related terms here
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Triangle inequality

Prove for any triangle with sides a, b, c, the sum of any two sides must be greater 
than the remaining side:

a + b > c, a + c > b, b + c > a.

Related Glossary Terms

Index

Chapter II - Examples, solutions

Drag related terms here
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